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CURVATURE POSITIVITY OF INVARIANT DIRECT IMAGES OF HERMITIAN
VECTOR BUNDLES
FUSHENG DENG, JINJIN HU, AND WEIWEN JIANG
Abstract. We prove that the invariant part, with respect to a compact group action satisfying cer-
tain condition, of the direct image of a Nakano positive Hermitian holomorphic vector bundle over a
bounded pseudoconvex domain is Nakano positive. We also consider the action of the noncompact
group Rm and get the same result for a family of tube domains, which leads to a new method to
the matrix-valued Prekopa’s theorem originally proved by Raufi. The two main ingredients in our
method are Ho¨rmander’s L2 theory of ∂¯ and the recent work of Deng-Ning-Zhang-Zhou on charac-
terization of Nakano positivity of Hermitian holomorphic vector bundles.
1. Introduction
Let p : Cnt × C
m
z → C
n be the natural projection. For a domain Ω ⊂ Cn × Cm, we denote the
fiber p−1(t) ∩ Ω of Ω over t by Ωt for t ∈ p(Ω) ⊂ C
n
t . In 1998, Berndtsson proved the following
remarkable result which stimulates a series of important works on positivity of direct image sheaves
of positively curved Hermitian holomorphic vector bundles.
Theorem 1.1 ([1]). Let ϕ(t, z) be a plurisubharmonic function on a pseudoconvex domain Ω ⊂
C
n
t × C
m
z .
(1) If all fibers Ωt (t ∈ p(Ω)) are (connected) Reinhardt domains, and ϕ(t, z) is independent of
Arg(z j), j = 1, · · · ,m, then the function ϕ˜ defined by
e−ϕ˜(t) =
∫
Ωt
e−ϕ(t,z)dVz
is a p.s.h function on p(Ω), where dVz is the Lebsgue measure on C
m. Moreover, if all Ωt
contain the origin, we only assume Ωt and ϕ are invariant under the transform z 7−→ e
iθz,
∀θ ∈ R, then the same result still holds.
(2) If all fibers Ωt are tube domains,
Ωt = Xt + iR
m
and ϕ is independent of Im(z j), j = 1, · · · ,m, then the function ϕ˜ defined by
e−ϕ˜(t) =
∫
Xt
e−ϕ(t,Re(z))dVRe(z)
is a p.s.h function on p(Ω).
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The above result is motivated by and generalizes Kiselmans’s minimum principle for plurisub-
harmonic functions [10] and Prekopa’s theorem for convex functions [11]. Kiselmans’s minimum
principle states that, under the condition of (2) in Theorem 1.1, the function
ϕ∗(t) = inf
z∈Ωt
ϕ(t, z)
is a plurisubharmonic function on p(Ω), and Prekopa’s theorem states that for a convex function
φ(x, y) on Rnx × R
m
y , the function φ˜(x) defined by
e−φ˜(x) =
∫
Rm
e−φ(x,y)dVy
is a convex function on Rnx.
In [2, 3, 8, 9], Theorem 1.1 was generalized along different directions.
Motivated by Raufi’s work on matrix valued Prekopa’s theorem [12] and the recent work of the
first author and collaborators on the characterization of Nakano positivity of Hermitian holomor-
phic vector bundles[6, 7], we generalize (1) in Theorem 1.1 to the following:
Theorem 1.2. Let Ω ⊆ Cnt × C
m
z be a pseudoconvex domain, such that Ωt are connected for all t in
D := p(Ω). Let E˜ = Ω×Cr be the trivial holomorphic vector bundle of rank r overΩ, and let h˜(t, z)
be an Hermitian metric on E˜ which is viewed as a smooth map from Ω to the space of positive
Hermitian matrices. Let E = D × Cr be the trivial bundle over D with the hermitian metric given
by
h(t) =
∫
p−1(t)
h˜(t, z)dVz.
Assume that there is a compact Lie group K acting holomorphically on Ω by acting on the second
variable z, such that
(i) h˜(t, z)dVz is K-invariant for t ∈ D, and
(ii) all K-invariant holomorphic functions on Ωt are constant, t ∈ D.
If (E˜, h˜) is Nakano semi-positive and h is C2, then (E, h) is Nakano semi-positive.
Remark 1.1. In Theorem 1.2, if K is not compact as assumption, then h would be identically equal
to +∞.
Our method to Theorem 1.2 is different from those in [1] and [3]. The idea of the proof is as
follows. Since (E˜, h˜) is Nakano semi-positive, it satisfies the optimal L2-estimate condition (see
§2 for definition) by Ho¨rmander’s L2-estimate of ∂¯, which can imply that (E, h) also satisfies the
optimal L2-estimate condition. By [7, Theorem 1.1], we see that (E, h) is Nakano semi-positive.
With the same method, Theorem 1.2 can be generalized to general Ka¨hler fibrations and Nakano
semi-positive Hermitian vector bundles. But we just restrict ourselves to the basic context as above.
If the fibers Ωt in Theorem 1.2 are not assumed to be connected, we can also get a similar result
by considering the GIT quotient Ω//K, as in [8]. Under the assumption as in Theorem 1.2, we can
canonically identify Ω//K with D.
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Theorem 1.2 considers actions of compact groups. However, following the idea in [8, 9], it
can be generalized to certain noncompact group actions. In the present context, we consider tube
domains as in Theorem 1.1 which corresponds to the action of the group Rm.
Theorem 1.3. LetΩ ⊆ Cnt ×C
m
z be a pseudoconvex domain, such thatΩt = Ut×iR
m are (connected)
tube domains for all t in D := p(Ω). Let E˜ = Ω ×Cr → Ω be the trivial holomorphic vector bundle
of rank r on Ω. Let h˜(t, z) be an Hermitian metric on E˜, which is independent of the imaginary part
Imz of z. Let h(t) be the Hermitian metric on the trivial vector bundle E = D × Cr → D over D,
given by
h(t) :=
∫
Ut
h˜(t,Rez)dVRez.
If (E˜, h˜) is Nakano semi-positive and h is C2, then (E, h) is Nakano semi-positive.
A Corollary of Theorem 1.3 is the following
Theorem 1.4. Let Ω0 ⊆ R
n
t × R
m
x be a convex domain, let p0 : Ω0 → R
n
t be the natural projection,
and let Ω0,t = p
−1
0
(t) for t ∈ D0 := p0(Ω0). Let g˜(t, x) : Ω0 → GL(r,C) be an Hermitian metric on
the trivial vector bundle E˜0 = Ω0 × C
r → Ω0. Let g(t) : D0 → GL(r,C) be the Hermitian metric on
the trivial vector bundle E0 = D0 × C
r → D0 over D0 given by
g(t) :=
∫
Ω0,t
g˜(t, x)dVx.
If (E˜0, g˜) is Nakano semi-positive and g is C
2, then (E0, g) is Nakano semi-positive.
The concept of Nakano positivity of (E˜0, g˜0) was introduced in [12](phrased as Nakano log con-
cave there) and will be recalled in §2.
In the case that Ω = Rn × Rm, Theorem 1.4 is proved and called the matrix-valued Prekopa’s
theorem by Raufi in [12]. The proof in [12] contains two main ingredients- Berndtsson’s method to
the positivity of direct image bundles [3] and a Fourier transform technique. To avoid the Fourier
transform technique and complex analysis in the proof, Cordero-Erausquin recently produced a
new proof of the matrix-valued Prekopa’s theorem based on L2-methods in real analysis [4].
Our method to Theorem 1.4 is different from those in [12] and [4]. With Theorem 1.2 at hand, we
reduce Theorem 1.3 to Theorem 1.2 by considering the covering map pi : Cm → (C∗)n. This idea is
motivated by the work in [8]. Then it is obvious that Theorem 1.4 is a consequence of Theorem 1.3.
In this way, we avoid involving vector bundles of infinite rank and the Fourier transform technique.
Acknowlegements. The authors are grateful to Professor Jiafu Ning, Zhiwei Wang, and Xiangyu
Zhou for helpful discussions. The authors are partially supported by the NSFC grant 11871451.
2. Preliminaries
We recall some notions and known results that will be used later.
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Definition 2.1 ([7]). Let Ω ⊂ Cn be a bounded domain. Let E = Ω × Cr be the trivial holomorphic
vector bundle over Ω whose canonical frame is denoted by {e1, · · · , er}. Let h be a Hermitian
metric on E such that h(eλ, eµ) = hλµ. We say that (E, h) satisfies the optimal L
2-estimate condition,
if for any smooth strictly plurisubharmonic function ψ on Ω, for any f ∈ C∞c
(
Ω,∧0,1T∗Ω ⊗ E
)
with
∂¯ f = 0, there is a locally integrable section u of E, satisfying ∂¯u = f in the sense of distribution,
and ∫
Ω
|u|2he
−ψdV 6
∫
Ω
∑
i, j,λ,µ
ψij fiλ f jµhλµe
−ψdV,
where dV is the Lebesgue measure, (ψi j) =
(
ψi j
)−1
=
(
∂2ψ
∂zi∂z¯ j
)−1
, and f =
∑r
λ=1(
∑n
j=1 f jλdz¯ j) ⊗ eλ.
By the L2-estimate of ∂¯ by Ho¨rmander and Demailly, we have
Lemma 2.1 (c.f. [5, Theorem 4.5]). Let Ω, E, h be as in Definition 2.1. If Ω is pseudoconvex and
(E, h) is Nakano semi-positive, then (E, h) satisfies the optimal L2-estimate condition.
For the definition of curvature and Nakano positivity for Hermitian holomorphic vector bundles,
see [5]. Recently, the converse of Lemma 2.1 was established.
Lemma 2.2 ([7, Theorem 1.1]). If (E, h) satisfies the optimal L2-estimate condition,then (E, h) is
Nakano semi-positive.
Definition 2.2 ([12, Definition 2]). Let g : Ω → GL(r,C) be an Hermitian metric on the trivial
complex vector bundle E = Ω × Cr over an open set Ω ⊂ Rn. Let
Θ
g
jk
= −
∂
∂xk
(
g−1
∂g
∂x j
)
, 1 ≤ j, k ≤ n,
where differentiation should be interpreted elementwise. We say that (E, g) is Nakano semi-positive
if for any n-tuple of vectors {u j}
r
j=1
⊂ Cr
n∑
j,k=1
(Θ
g
jk
u j, uk)g ≥ 0.
Remark 2.1. Let U ⊂ Rn be a connected open set and let Ω = U + iRn ⊂ Cn be the tube domain
with base U. Let h(z) : U → GL(r,C) be an Hermitian metric on the trivial holomorphic vector
bundle E = Ω × Cr. Assume that h(z) is independent of the imaginary part of z. By definition, one
can see that (E, h) is Nakano semipositive as an Hermitian holomorphic vector bundle if and only
if (E|U = U × C
r, h|U) is Nakano semipositive in the sense of Definition 2.2.
3. Positivity of invariant direct images with compact group actions
The aim of this section is to prove Theorem 1.2. For convenience, we restate it here.
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Theorem 3.1 (=Theorem 1.2). Let Ω ⊆ Cnt × C
m
z be a pseudoconvex domain, such that Ωt are
connected for all t in D := p(Ω). Let E˜ = Ω × Cr be the trivial holomorphic vector bundle of rank
r over Ω, and let h˜(t, z) be an Hermitian metric on E˜ which is viewed as a smooth map from Ω to
the space of positive Hermitian matrices. Let E = D × Cr be the trivial bundle over D with the
hermitian metric given by
h(t) =
∫
p−1(t)
h˜(t, z)dVz.
Assume that there is a compact Lie group K acting holomorphically on Ω by acting on the second
variable z, such that
(i) h˜(t, z)dVz is K-invariant for t ∈ D, and
(ii) all K-invariant holomorphic functions on Ωt are constant, t ∈ D.
If (E˜, h˜) is Nakano semi-positive and h is C2, then (E, h) is Nakano semi-positive.
Proof. By Lemma 2.2, it suffices to prove that (E, h) satisfies the optimal L2 estimate condition.
Assume that (e1, ..., er) is the canonical holomorphic frame of E, and (e˜1, ..., e˜r) is the canonical
holomorphic frame of E˜. Let ψ be a smooth strictly plurisubharmonic function on D. Setting
ψ˜(t, z) = ψ(t), (t, z) ∈ Ω, we get a smooth plurisubharmonic function ψ˜ on Ω.
Let f ∈ C∞
(
D,∧0,1T∗D ⊗ E
)
with compact support and ∂¯ f = 0. We can write f as
f =
r∑
λ=1
wλ ⊗ eλ =
r∑
λ=1

n∑
j=1
f jλdt¯ j
 ⊗ eλ,
where f jλ are smooth functions on D. Let w˜λ = p
∗(wλ), f˜ jλ = p
∗( f jλ) := f jλ ◦ p, and let
f˜ =
r∑
λ=1
w˜λ ⊗ e˜λ =
r∑
λ=1

n∑
j=1
f˜ jλdt¯ j
 ⊗ e˜λ ∈ C∞
(
Ω,∧0,1T∗Ω ⊗ E˜
)
,
then ∂¯ f˜ = 0.
Let ΘE˜,h˜ be the curvature operator of (E˜, h˜). Then Θ + ∂∂¯ψ˜ is the curvature operator of E˜ with
the Hermitian metric e−ψ˜ · h˜. Since (E˜, h˜) is Nakano semi-positive, by Lemma 2.1, there exists
u˜ ∈ L2(Ω, E˜) such that
(1) ∂¯u˜ = f˜ ,
and ∫
Ω
|u˜|2
h˜
e−ψ˜dV(t,z) ≤
∫
Ω
〈[iΘE˜,h˜ + i∂∂¯ψ˜,Λ]
−1 f˜ , f˜ 〉e−ψ˜dV(t,z)
≤
∫
Ω
〈[i∂∂¯ψ˜,Λ]−1 f˜ , f˜ 〉e−ψdV(t,z)
=
∫
Ω
n∑
i, j=1
r∑
λ,µ=1
ψ˜ij f˜iλ
¯˜f jµh˜λµe
−ψ˜dV(t,z),
(2)
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where Λ is the adjoint of the operator given by the wedge product of the flat Ka¨hler form onΩ, and
(ψ˜i j)n×n is the inverse of the matrix (
∂2ψ˜
∂ti∂t¯ j
)n×n.
We assume that u˜ is minimal, in the sense that the left hand side in the top line in (2) is minimal.
We write u˜ as
u˜ =
r∑
λ=1
u˜λe˜λ,
where u˜λ are functions on Ω. From equation (1), we have ∂¯u˜λ = w˜λ, which means that ∂¯zu˜λ = 0 and
hence u˜λ are holomorphic with z1, · · · , zm.
For any g ∈ K, let
u˜g =
r∑
λ=1
u˜λ(t, gz)e˜λ,
then it is clear that u˜g also satisfies the equation ∂¯u˜g = f˜ . By assumption, we also have∫
Ω
|u˜g|
2
h˜
e−ψ˜dV(t,z) =
∫
Ω
|u˜|2
h˜
e−ψ˜dV(t,z).
By the uniqueness of the minimal solution, we have u˜g = u˜ and hence u˜λ(t, gz) = u˜λ(t, z) for all
g ∈ K. By assumption, u˜λ(t, z) must be independent of z. So we can view u˜λ(t, z) as a function on
D, denoted by uλ(t).
Let u =
∑r
λ=1 uλeλ ∈ L
2 (D, E), then it is clear that ∂¯u = f . By Fubini’s theorem, we get∫
Ω
|u˜|2
h˜
e−ψ˜dV(t,z) =
∫
Ω
u˜λ ¯˜uµh˜λµe
−ψ˜dV(t,z) =
∫
D
uλu¯µhλµe
−ψdVt =
∫
D
|u|2he
−ψdVt,
∫
Ω
n∑
i, j=1
r∑
λ,µ=1
ψ˜i j f˜iλ
¯˜f jµh˜λµe
−ψ˜dV(t,z) =
∫
D
n∑
i, j=1
r∑
λ,µ=1
ψi j fiλ f¯ jµhλµe
−ψdVt.
Combing the above identities with estimate (2), we get∫
D
|u|2he
−ψdVt 6
∫
D
n∑
i, j=1
r∑
λ,µ=1
ψi j fiλ f¯ jµhλµe
−ψdVt,
which implies that (E, h) satisfies the optimal L2 condition. By Lemma 2.2, (E, h) is Nakano semi-
positive. 
4. The case of tube domains
We give the proof of Theorem 1.3 and Theorem 1.4
Theorem 4.1 (=Theorem 1.3). LetΩ ⊆ Cnt ×C
m
z be a pseudoconvex domain, such thatΩt = Ut×iR
m
are (connected) tube domains for all t in D := p(Ω). Let E˜ = Ω×Cr → Ω be the trivial holomorphic
vector bundle of rank r on Ω. Let h˜(t, z) be an Hermitian metric on E˜, which is independent of the
imaginary part Imz of z. Let h(t) be the Hermitian metric on the trivial vector bundle E = D×Cr →
D over D, given by
h(t) :=
∫
Ut
h˜(t,Rez)dVRez.
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If (E˜, h˜) is Nakano semi-positive and h is smooth, then (E, h) is Nakano semi-positive.
Proof. Let us consider the following map:
f : Ω→ Ω∗(t,w)
(t1, · · · , tn, z1, · · · , zm) 7→ (t1, · · · , tn, e
z1 , · · · , ezm),
(3)
where Ω∗ = f (Ω). Since h˜(t, z) is independent of the imaginary part of z, it induces a metric
h˜′(t,w) : Ω∗ → GL(r,C) on the trivial bundle
E˜′ := Ω∗ × Cr → Ω∗,
which is given by
h˜′(t,w) = h˜(t, ln |w|).
Then we have
h(t) =
∫
Ut
h˜(t, x)dVx
=
1
(2pi)m
∫
Ω
∗
t
1
|w1|
· · ·
1
|wm|
h˜
′
(t,w)dVw
=
∫
Ω
∗
t
h˜′′(t,w)dVw.
where h′′(t,w) := 1
(2pi)m
1
|w1 |
· · · 1
|wm |
h˜
′
(t,w) can be viewed as a Hermitian metric on E˜′.
The curvature of (E˜′, h˜′′) is given by
ΘE˜′,h˜′′ = ΘE˜′,h˜′ −
m∑
j=1
∂∂¯(ln |w j|) − ∂∂¯ ln(2pi)
m
= ΘE˜′,h˜′ .
So (E˜′, h˜′′) is also Nakano semi-positive.
Considering the compact Lie group K := (S 1)m which acts on p−1(t) as
(α1, · · · , αm)(t,w1, · · · ,wm) = (t, α1w1, · · · , αmwm),
and applying Theorem 3.1, we see that (E, h) is Nakano semi-positive. 
Theorem 4.2 (=Theorem 1.4). Let Ω0 ⊆ R
n
t × R
m
x be a convex domain, let p0 : Ω0 → R
n
t be the
natural projection, and let Ω0,t = p
−1
0
(t) for t ∈ D0 := p0(Ω0). Let g˜(t, x) : Ω0 → GL(r,C) be an
Hermitian metric on the trivial vector bundle E˜0 = Ω0 × C
r → Ω0. Let g(t) : D0 → GL(r,C) be the
Hermitian metric on the trivial vector bundle E0 = D0 × C
r → D0 over D0 given by
g(t) :=
∫
Ω0,t
g˜(t, x)dVx.
If (E˜0, g˜) is Nakano semi-positive and g is C
2, then (E0, g) is Nakano semi-positive.
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Proof. Let Ω = Ω0 + iR
n+m ⊂ Cn × Cm. We extend g˜ to an Hermitian metric h˜ on the trivial
bundle E˜ := Ω × Cr such that h˜(t, z) is independent of the imaginary part of t, z and h˜|Ω0 = g˜. Let
p : Cn ×Cm → Cn be the natural projection and let D = p(Ω) ⊂ Cn and Ωt = p
−1(t) = Ut × iR
m. We
define an Hermitian metric on the trivial bundle E = D × Cr by setting
h(t) =
∫
Ut
h˜(t,Rez)dVRez.
By Theorem 4.1, (E, h) is Nakano semi-positive. It is clear that h(t) is independent of the imaginary
part of t and h|D0 = g, thus (E0, g) is Nakano semi-positive (see Remark 2.1). 
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